A t-chrome cover is a cover of a weighted graph by vertex sets that induce t-colourable subgraphs. We investigate the problem of determining the minimal number of sets needed for such a cover, and give conditions under which this number is directly derived from the clique number and the maximum weight of the graph. The problem of minimal t-chrome covers is relevant to frequency assignment in cellular networks.
Introduction
A vertex colouring of a graph can be seen as a cover of the graph by stable sets. A generalization of this view of colourings is the cover of a graph by t-chrome sets. A t-chrome set in a graph is a set of vertices that induce a t-colourable subgraph. A t-chrome cover of a graph is a cover of the vertices of the graph by t-chrome sets.
For unweighted graphs, the problem of finding minimal t-chrome covers is equivalent to the vertex colouring problem, but this is not the case for weighted graphs. In a weighted graph, a non-negative integer a(v) is associated with each vertex v. The notation (G, a) will be used to denote the weighted graph G with weight vector a ∈ Z V (G) + . A t-chrome cover of a weighted graph (G, a) is a collection of t-chrome sets of G (possibly with repetitions), such that every vertex v ∈ V (G) is contained in a(v) sets of the collection. For any graph G and weight vector a for G, the minimal size of a t-chrome cover of (G, a) will be denoted by τ t (G, a).
A t-chrome set of a graph G can contain at most t vertices of any clique in G. Therefore, the maximum weight of any clique gives a lower bound on the minimum size of a t-chrome cover:
C is a clique in G} = def ω(G, a).
Since any t-chrome set can cover a vertex at most once, the maximum weight on any vertex also gives a lower bound on τ t : τ t (G, a) ≥ max{a(v) : v a vertex of G} = def a max .
In this paper we study graphs for which these lower bounds completely determine τ t . If t = 1, then these are exactly the perfect graphs. For general t, we define a graph to be t-chrome perfect if for each weight vector a for G, τ t (G, a) = max{ 1 t ω(G, a) , a max }, and all t-chrome sets of G induce perfect subgraphs. We will show that a graph that is t-chrome perfect for any t is also perfect. The converse is not true: in the next section (Figures 1 and 2 ) examples are shown of perfect graphs that are not 2-chrome perfect. For a special class of graphs we do obtain equivalence of t-chrome perfection and perfection, as expressed in the following theorem.
Theorem 1.1 All perfect graphs of stability number at most two are t-chrome
perfect for all t ≥ 1.
For perfect graphs of stability number 3, the only graphs that are not 2-chrome perfect are the ones containing one of four configurations called H6, H7, H8a, H8c, H8h and H9 given in Figures 1-4 
(to follow). A weighted-induced subgraph of a weighted graph (G, a) is a weighted graph (H, a ) such that H is an induced subgraph of G and for every v ∈ V (H) we have a (v) ≤ a(v).
Let (H, a), (H , a ) be two weighted graphs. We will say that H is isomorphic to H with weight iff H is isomorphic to H and a(v) = a (v) for all v. We have : Theorem 1.2 Let G be a perfect graph of stability number 3, and let a be a weight vector. The weighted graph (G, a) admits a 2-chrome cover of size max(
Corollary 1.3 A perfect graph G of stability number 3 is 2-chrome perfect precisely when G does not have H6 or H7 or H8a or H8c or
H8h or H9 as an induced subgraph. 2 Theorem 1.2 will be proven in Section 3. Our study of t-chrome covers is motivated by the frequency assignment problem. The frequency assignment problem (see [5] , [6] ), is a generalized graph colouring problem where frequencies (seen as "colours") must be assigned to the vertices of a graph, but so that frequencies assigned to adjacent vertices u and v must differ by an amount prescribed by a separation constraint c(uv) associated with the edge uv. This problem models the reality of cellular networks, where communication frequencies that will carry the radio signals must be assigned to the cells of the network. The separation constraints model the fact that it is necessary to assure that frequencies assigned to cells between which there is a high level of interference, should be spaced sufficiently far apart in the radio spectrum. The aim of the frequency assignment problem is to minimize the width of a contiguous band of radio spectrum that can satisfy the demands for frequencies without violating the separation constraints. This translates to minimizing the span, as defined below.
A constrained weighted graph (G, c, a) consists of a graph G, a non-negative, integer constraint vector c indexed by the edges and vertices of G, and a nonnegative, integer weight vector a indexed by the vertices of G. A frequency assignment of (G, c, a) is an assignment of a(v) integers ("frequencies") to each vertex v of G, such that for any two frequencies a and b assigned to adjacent vertices u and v, respectively, |a − b| ≥ c(uv), and for any frequencies a and b assigned to the same vertex v, |a−b| ≥ c(v). The span of a frequency assignment is the difference between the highest and the lowest frequency assigned. The minimal span S(G, c, a) of a constrained weighted graph (G, c, a) is the minimal span of any frequency assignment of (G, c, a).
We may assume that c(uv) > 0 and c(v) > 0 for all vertices v and edges uv of the graph, so any frequency assignment of (G, c, a) constitutes a colouring of (G, a). In any frequency assignment, the vertices that receive frequencies in the interval [k, k+t) for some k must form a t-chrome set. If c(v) ≥ t for all vertices v of G, then no vertex can receive more than one frequency from the interval [k, k+ t). Therefore, the sets T r = {v : v receives a frequency in [ + (r − 1)t, + rt)} for r = 1, 2, . . . , 1 t S(G, c, a) form a t-chrome cover of (G, a) ( is the lowest frequency assigned). Thus we have that
for each constrained weighted graph (G, c, a) such that c(v) ≥ t for every vertex v.
In [2] and [1] the problem of obtaining the maximum weight of any t-chrome set in a weighted graph is studied. This problem is closely related to a fractional version of t-chrome perfection. A t-chrome cover can be represented as a nonnegative integer vector indexed by the t-chrome sets of the graph. If we relax the condition that this vector must be integral, we obtain a fractional t-chrome cover. Let τ * t (G, a) denote the size of a minimal fractional t-chrome cover. A graph is fractionally t-chrome perfect if τ * t (G, a) is always equal to the maximum weight on a vertex or the maximum weight on a clique divided by t. We will show in Section 4 that a graph is fractionally t-chrome perfect precisely when the convex hull of the incidence vectors of the t-chrome sets of a graph has the following inequality description:
This fact gives a connection with the min-max relations discussed in [2] . In particular, it follows that if a graph is box perfect (see Section 4), then it is fractionally t-chrome perfect for all t. In Section 4, we discuss fractional t-chrome perfection and its relation with box perfection and frequency assignment.
Preliminaries
A graph G is an ordered pair (V, E), consisting of a vertex set V (G) and an edge set E(G). The edges of G form a subset of {{u, v} : u, v ∈ V (G), u = v}. An edge {u, v} is simply denoted by uv. If uv is an edge, then u is said to be adjacent to v, denoted by u ∼ v. For any set U ⊆ V (G) the subgraph induced by G will be denoted as G [U] . A weighted graph is an ordered pair (G, a) where G is a graph and a ∈ Z V (G) + is a non-negative integer vector indexed by the vertices of G. The coefficient of a corresponding to v will be denoted as a(v). The incidence vector of a set A ⊆ V (G) (with coefficient 1 for the vertices in A, 0 elsewhere) is denoted by δ A . A colouring of a weighted graph (G, a) is an assignment of a set of a(v) colours to each vertex v of G, such that the colour sets assigned to adjacent vertices are disjoint. The chromatic number of (G, a), denoted by χ (G, a) , is the minimal number of colours needed for such a colouring. A colouring of G is a colouring of (G, 1), and χ (G) = χ (G, 1).
A stable set is a subset of vertices such that no two are adjacent. Obviously, all vertices whose colour set contain a particular colour form a stable set. Such a stable set is called a colour class. We can represent any colouring as a covering by stable sets. In other words, a colouring of (G, a) corresponds to a multiset F such that the elements of F are stable sets, and |{S ∈ F : v ∈ S}| = a(v). We will also use the representation of a colouring as a non-negative integer vector A clique of G is a subset of mutually adjacent vertices of G. The clique number ω(G) of a graph G is the maximum size of a clique in G. The clique number of a weighted graph (G, a), indicated by ω(G, a) , is the maximum of the sum of the weights of the vertices in any clique of G, so ω(G, a) = max{ v∈C a(v) : C a clique of G}. The stability number α(G) of a graph G is the maximum size of a stable set in G. The maximum weight of (G, a), or max{a(v) : v ∈ G} will be denoted by a max .
Since any colouring of a graph G must colour all vertices of a clique with distinct colours, we have that
Alternatively, a graph is perfect if for each weight vector a, χ (G, a) = ω(G, a). A perfect colouring of a weighted, perfect graph (G, a) is a colouring which uses exactly ω(G, a) colours.
Proofs of the main theorems
The proof of Theorem 1.1 uses the following result about equitable edge colourings, which can be found in [3] and [7] . An equitable edge colouring is an edge colouring in which the sizes of the colour classes differ by at most one. In the following, we will represent t-chrome covers in two different ways. A tchrome cover can be seen as a multiset T , where the elements of T are t-chrome sets and |{T ∈ T : v ∈ T }| = a(v) for each vertex v, or as a non-negative integer vector y ∈ Z T G + indexed by the t-chrome sets of G. (T G denotes the collection of all t-chrome sets of G.) In the latter representation, the minimal size of a t-chrome cover of (G, a) can then also be defined as
We now proceed with the proof of Theorem 1.1, which states that all perfect graphs of stability number at most two are t-chrome perfect.
Proof. Let G = (V, E) be a perfect graph of stability number at most two, let t ≥ 1 be an integer, and a be a non-negative, integral weight vector for G. For shortness, we will use ω to denote ω(G, a), and m to denote a max .
Assume first that ω t ≥ m. Let F be a perfect colouring for (G, a), so |F | = ω. Let C be a clique of maximum weight of (G, a).
Since the colour classes in F contain at most 2 vertices, we can form a bipartite multigraph H = (V , E ) whose edge multiset represents the colouring. More precisely, V = V ∪ U, where U = {u S |S ∈ F and |S| = 1}. The edge multiset E of H is defined as follows: E = {S|S ∈ F and |S| = 2} ∪ {{v, u S }|S ∈ F and S = {v}} Since C is a maximum clique, each colour class of F contains exactly one vertex of C. Therefore, H has bipartition (C, U ∪ V − C). Note that |E | = ω, and for each vertex v ∈ V , the degree of v equals a(v). The vertices in U all have degree 1. Therefore, H has maximum degree m ≤ 
Since each edge of H was derived from a colour class of F , and since each M ∈ K contains at most t edges, it follows that each W M ∈ T is a t-chrome set. Now T is a t-chrome cover of (G, a),
For the rest of the proof, we will use induction on a max . If a max = 0, then a = 0, and the result is trivial. Suppose that for every vector a for G with a max < m, a t-chrome cover of size max{ Let A be the set that contains all vertices of weight m. Since mt > ω, A cannot contain a clique of size t or larger. Since G is a perfect graph, this implies that A is a t-chrome set. Now let a
By the induction hypothesis, there exists a t-chrome cover T of (G, a * ) of size |T | = m − 1. Now if we add A to T we obtain the required t-chrome cover for (G, a).
2
The graph H6 in Figure 1 shows that not all perfect graphs are 2-chrome perfect. Consider the following weight vector a for H6:
Then ω(H6, a) = 4 and a max = 2, so if H6 is 2-chrome perfect then a 2-chrome cover of size 2 of (H6, a) must exist. If a 2-chrome cover of (H6, a) exists then both 2-chrome sets in the cover must contain vertices v 1 , v 2 and v 3 . Also, one of the 2-chrome sets must contain at least two of the vertices v 2 , v 4 , v 6 . This 2-chrome set then contains a clique of size 3, which is a contradiction. So H6 is not 2-chrome perfect, and neither is any graph that has H6 as an induced subgraph. 
H 7
Figure 2: A perfect graph of order 7 which is not 2-chrome perfect, with weights.
As the next theorem will show, the graphs H6, H7, H8a, H8c, H8h and H9 shown in Figures 1-4 , are the only examples of minimal perfect graphs of stability number three that are not 2-chrome perfect. To see that H7, H8b, . . . , H8g, H9 are not 2-chrome perfect, consider the weight vectors assigning weights 1 or 2 to each vertex as indicated in Figures 2-4 . In each graph we distinguish the 2-outer vertices: the vertices outside the central triangle with weight 2, the triangle vertices, the vertices on the central triangle, and the 1-outer vertices, the vertices outside the central triangle with weight 1. The 2-outer vertices must be contained in both of the 2-chrome sets of the cover. For all six graphs, the subgraph induced by the 2-outer and triangle vertices has exactly three possible 2-chrome covers of size two. It is straightforward to check that for none of these covers, all 1-outer vertices can be added to one of the 2-chrome sets of the cover.
To see that graph H8a is not 2-chrome perfect, consider the graph formed by the top triangle and the vertices of weight 2. It has only one 2-chrome cover of size two. It can be easily checked that this 2-chrome cover cannot be extended to the other two vertices. Similarly to see that H8h and H8i are not 2-chrome perfect, consider the graph formed by the vertices of weight 2 and one triangle induced by 2 vertices of weight 1 and one vertex of weight 2.
Note that the common subgraph induced by the 2-outer and triangle vertices of all of H7, H8b-H8g and H9 is the complement of H6. (G, a) , a max ).
Lemma 3.2 Let
Proof. Let G and a be as in the statement of the lemma. Without loss of generality, we remove all vertices in G with weight zero. Let ω = ω(G, a) and m = a max . If ω ≤ 2 then ω(G) ≤ 2, and since G is perfect this implies that V (G) is a 2-chrome set. So if we take m copies of V (G) we obtain a 2-chrome cover of (G, a) of size m.
If ω = 3 then since m ≤ 2 there must be a maximum clique of (G, a) that contain a vertex of weight 1. When we increase the weight of this vertex by one, ω becomes 4, while m remains at most 2. We may therefore assume that ω = 4 and m ≤ 2.
Let = 6 intersections, so |A| ≥ 6 and |S i ∩ A| = 3 for all i, so V (G) = A. Since ω = 4, A cannot contain any cliques of size larger than 2. Because G is perfect, this implies that A is a 2-chrome set. So two copies of A will form the required 2-chrome cover.
Assume then that there are at least two colour classes that do not intersect. If two disjoint colour classes together contain A, then since their union, as well as the union of the remaining two colour classes, form a 2-chrome set, and we have found the required 2-chrome cover. In the following we therefore assume that no two disjoint colour classes contain A.
We distinguish two cases. Case I. First, assume that there are three mutually non-intersecting colour classes, say S 1 , S 2 and S 3 . Then, since no two disjoint colour classes contain all of A, S i ∩ A = ∅ for i = 1, 2, 3, and S 4 intersects all three. Because |S 4 | ≤ 3, we know that S 4 = A and |A| = 3. Let A = {a 1 , a 2 , a 3 }, where
. So, for example, B 1 contains those elements in S 1 that are adjacent to both a 2 and a 3 (elements in S 1 cannot be adjacent to a 1 ). If one of these sets B i is empty, say B 1 = ∅, then we can find the desired 2-chrome cover of size 2. Let
It is clear that T = {T 1 , T 2 } covers (G, a), but it remains to be proven that T 1 and T 2 are 2-chrome sets. Since G is a perfect graph, it suffices to show that T 1 and T 2 do not contain a clique of size 3. Suppose that T 1 contains a clique 1 } is adjacent to a 2 . This leads to a contradiction. An analogous argument shows that T 2 is 2-chrome.
Consider the case that none of the B i 's are empty. Let B = If v has no neighbours in B j , then v will be coloured identically to the vertex in B i .
Suppose that, after this first phase of the extended colouring, there exist two adjacent vertices of the same colour which are both adjacent to the same vertex of A. In this case we will adjust the colouring. ¿From the fact that the colouring is a valid 2-colouring on B, and the construction of the extension of the colouring, we can deduce that both vertices must be in V (G) − B − A. We may assume that they are v 2 , v 1 , b 2 , a 1 , b 3 , a 2 } induces a C 7 . Assume that b 3 ∼ b 1 . Then b 3 ∼ b 2 , else  {b 3 , b 1 , a 3 , b 2 , a 2 } induces a C 5 . But now {b 1 , v 2 , v 1 , b 2 , (1) .
Note that the extended colouring is not necessarily a valid 2-colouring. However, we will argue that this colouring is sufficient to construct the desired 2-chrome cover.
Let T 1 = A ∪ {v|v is coloured black} and T 2 = A ∪ {v|v is coloured white}. Then T 1 and T 2 are 2-chrome sets. Let C be a clique in G of size 3. If |C ∩B| = 2, then, since the constructed colouring is a valid 2-colouring on B, C must contain both a black and a white vertex. If A∩C = ∅ or C ∩B = ∅, then by the definition of the extended colouring, C must contain a black and a white vertex.
Suppose, then, that A ∩ C = ∅ and |B ∩ C| = 1. Let C = {v 1 , v 2 , b 3 }, where v i ∈ S i − B i for i = 1, 2, and b 3 ∈ B 3 . If v 1 ∼ a 2 , then v 1 has been coloured differently from its neighbour b 3 , so C contains both black and white vertices. The same is true if v 2 ∼ a 1 . Therefore, v 1 ∼ a 3 and v 2 ∼ a 3 . But in this case, if v 1 and v 2 initially received the same colour, then they will have been recoloured in the second phase. So again C contains vertices of both colours.
Since any clique of size 3 contains both black and white vertices, this proves that both T 1 and T 2 are 2-chrome. Case II. Suppose that of each three colour classes that at least two intersect. As reasoned before, there must be two colour classes that do not intersect, say S 1 and S 4 . Then S 2 must intersect S 3 and either S 1 or S 4 must intersect both S 2 and S 3 , because we assumed that no two colour classes can contain A. Suppose then that S 1 , S 2 and S 3 all pairwise intersect. Since (S 1 ∩S 2 )∪(S 2 ∩S 3 )∪(S 3 ∩S 1 ) is a stable set, and G has stability number 3, we have that
Now {a 1 , a 2 , a 3 } = A − S 4 and S 4 are stable sets, so A ∪ S 4 is 2-chrome. If S 1 ∪ S 2 ∪ S 3 is 2-chrome, then we found the required 2-chrome cover. Suppose then that S 1 ∪ S 2 ∪ S 3 is not 2-chrome, and thus contains a clique of size 3.
Let H be the graph induced by S 1 ∪ S 2 ∪ S 3 . In H, a i can only be adjacent to vertices in S i , which is a stable set. So none of the a i can be part of a clique in H. Therefore, the clique in H must be of the form {b 1 a 2 , a 3 } for i = 1, 2, 3 . Also, |S i | ≤ 3 and |S i ∩ {a 1 , a 2 , a 3 }| = 2, so S i = {b i } ∪ {a j |j = i} for i = 1, 2, 3. Since α(H) ≤ α(G) ≤ 3, S i ∪ {a i } cannot be a stable set. So b i ∼ a i for all i. So H is completely determined, and can be seen to be the complement of H6. We claim that : For every edge a i b i there exists a vertex v ∈ S 4 such that
Indeed, in the opposite case,
By the previous claim, we obtain that if |S 4 | = 1 then G is isomorphic to H7, with weight.
If We now proceed with the proof of Theorem 1.2, which proves that for graphs of stability number 3, perfection implies t-chrome perfection precisely when the graph does not contain any of the graphs from Figures 1 and 2 as an induced subgraph.
Proof. Let G be a perfect graph of stability number 3, and let a be a weight vector. We have already shown that if G has H6, H7, H8a, H8b, H8c, H8d, H8e, H8f , H8g, H8h, H8i or H9 as an weighted-induced subgraph, then G is not 2-chrome perfect. Assume that G does not have H6 or H7 or H9 or one of the H8's as an weighted-induced subgraph. We will prove that there exists a 2-chrome cover of (G, a) of size max(
, a max ). We will prove the result by induction on k = max(
, a max ) ≤ 2, then the result follows directly from Lemma 3.2.
Assume then that k ≥ 3, and that 2-chrome covers of the required size can be found for each weight vector a for G with max(
, a max ) < k. Let a be a weight vector for G with max(
> ω, a contradiction. So A cannot contain a clique of size larger than 2. Because G is a perfect graph, this implies that A is a 2-chrome set.
Suppose first that , a max ) = k − 1. By the induction hypothesis, there exists a 2-chrome cover of (G, a ) of size k − 1. If we add A to this cover, we obtain a cover of (G, a) of size m.
Next, assume that
. We may assume that ω is even: if this is not the case then ω = 2k − 1, so there must be a clique of weight ω which contains at least one vertex of weight less than k. By raising the weight on this vertex by one, ω becomes even, while ω 2 and a max stay the same. Moreover, any 2-chrome cover for this modified weight vector can be easily converted into a 2-chrome cover for the original weight vector by removing this vertex from one of the 2-chrome sets of the cover.
We also assume that all vertices have weight greater than zero, since any vertices with weight zero can be removed from the graph without loss of generality.
Let F be the collection of colour classes of a perfect colouring of G, So |F | = ω. The stability number of G is 3, so |S ∩ A| ≤ |S| ≤ 3 for all S ∈ F. Therefore, |S ∩ A| = 3 for all S ∈ F, and thus V (G) = A. But we saw before that A is a 2-chrome set. So by taking ω 2 copies of A = V (G), we obtain a 2-chrome cover of (G, a) of size
If
Assume in the following that |A| < 6.
If |A| < 6, then there exist two colour classes
Proof. Every element of A is contained in
colour classes, so as in the previous proof we have that
and therefore,
So there must be at least one set
. If |A| < 6, this implies that |A − S 1 | ≤ 2. If A − S 1 = ∅, then S 2 can be chosen to be any colour class F besides S 1 . If |A − S 1 | = 1, then we can choose S 2 to be any colour class in F such that
, and
By definition, S 2 contains both a 1 and a 2 , and thus
, a max ) = k − 1, and by the induction hypothesis there exists a 2-chrome cover T of (G, a ) of size k − 1.
If T contains a 2-chrome set T ∈ T such that A ⊆ T , then we can use the induction hypothesis again to find a 2-chrome cover of (G, a): let a = a − δ T . For each 2-chrome set U ∈ T , let S U andS U be two disjoint stable sets such that U = S U ∪S U (such sets exist because U is 2-chrome). Let F is a colouring of (G, a) of size |F | = 2|T | + 2 = 2(k − 1) + 2 = ω, and F − {S T ,S T } is a colouring of (G, a ) of size ω − 2. Therefore, ω(G, a ) = ω − 2 = 2(k − 1). Since A ⊆ T , a max ≤ k − 1. By the induction hypothesis, there exists a 2-chrome cover of (G, a ) of size k − 1.
If we add T to this cover, we obtain a 2-chrome cover of (G, a) of size k, as required. Note that this argument also covers the case where m < k, so A = ∅.
Suppose then that no 2-chrome set in T contains A, and let
* is a 2-chrome cover of (G, a) of size k + 1. Each vertex of A occurs in k sets of T * , so for each a ∈ A there is exactly one set of T * that does not contain a.
By our assumption, for every T ∈ T there exists at least one a ∈ A such that a ∈ T . Now for all a ∈ A such that a / ∈ T for some T ∈ T , it must be that
Take T ∈ T , let a ∈ A be such that a / ∈ T , and let S T ⊆ T and the colouring F be as defined in the previous case. Since S T ∈ F , and F is a colouring of (G, a) of size ω, it must be that ω(G, a − δ
Suppose therefore in the following that
Note that ω(G, a ) = ω − 2 and a max ≤ k − 1. Let T be a 2-chrome cover of (G, a ) of size k − 1, obtained by induction. As before, we assume that no
Note that we assumed that
Without loss of generality, say that
Then, as reasoned before, ω(G, a * ) = ω − 2 and a * max ≤ k − 1. So by the induction hypothesis we can find a new 2-chrome cover T of size k − 1, and we have stable sets S 1 and S 2 =S T such that A ⊆ S 1 ∪ S 2 and |A ∩ S 1 ∩ S 2 | ≤ 1. Since |T | = k − 1 ≥ 2, there must be a 2-chrome set of T which contains A, in which case we can use induction again to find the desired 2-chrome cover. 2
Fractional t-chrome perfection
¿From the definition of a t-chrome cover as a vector indexed by the t-chrome sets of the graph it is only one step to the definition of a fractional t-chrome cover. This defintion is obtained by relaxing the condition that the vector must be integral. A fractional t-chrome cover of a weighted graph (G, a) is a non-negative vector y ∈ R T G , where T G is the collection of all t-chrome sets of G, such that
The size of a fractional t-chrome cover y is defined as T ∈T y(T ).
The minimum size of a t-chrome cover of (G, a) will be denoted as τ * t (G, a). This number is the solution of the linear program:
Definition 4.1 A graph G is fractionally t-chrome perfect if for each integral, non-negative weight vector a for G,
and every subgraph of G induced by a t-chrome set is perfect. The fact that a graph is fractionally t-chrome perfect also gives a simple characterization of a polytope associated with the collection of all t-chrome sets of this graph.
Proposition 4.2 If a graph G is t-chrome perfect, then it is also fractionally
Every t-chrome set of a graph G satisfies the following inequality system:
Let CONV(T G ) be the convex hull of the incidence vectors of all t-chrome sets of G, and let P G be the polytope
Then for every graph G,
The next proposition shows that equality holds exactly when G is fractionally t-chrome perfect. For the proof we need the following definition.
Definition 4.5
The anti-blocker of a polyhedron P given by an inequality description P = {b ∈ R n + : Ab ≤ 1}, is denoted byP , and defined as
In other words,P is the space generated by the rows of A.
Anti-blockers were introduced in [4] . Here it was also proven that the extreme points of P give the coefficients for the inequalities that defineP , and vice versa. Also, it was shown thatP = P .
Proposition 4.6 Let G be a graph, and t a positive integer. Then G is fractionally t-chrome perfect precisely when the convex hull of the incidence vectors of the t-chrome sets of G is completely described by the inequality system (4), in other words, when CONV(T
Proof. The dual of the linear program (3) is:
By the Duality Theorem of Linear Programming, the maximum of this dual LP is equal to the minimum of (3), and thus to τ * (G, a) . Let Q G be the polytope of the inequalities of this linear program:
¿From the definitions it follows thatQ G = CONV(T G ). If G is fractionally t-chrome perfect, then for any weight vector a for G, τ
Therefore, the extreme points of Q G are of the form
,
SoQ G = P G , and thus CONV(
. So for every weight vector a, τ * (G, a) = max{a·x : x ∈ Q G } = max{a·x : x ∈ A∪B}, and max{a · x : x ∈ A} = 1 t ω(G, a), and max{a · x : x ∈ B} = a max 2
This proposition gives the connection between fractional t-chrome perfection and box perfection, as defined in [2] . , the following min-max inequality holds:
, and y(C) ≥ 0, y(C) integer, for all cliques C of G, and
In the same paper, it is shown that all box perfect graphs are perfect, and that a graph is box perfect precisely when the following inequality system is Totally Dual Integral (TDI).
A system is TDI if its dual always achieves its optimum for an integervalued solution. For an introduction to the TDI property, see for example [8] .
In particular, the TDI property implies that the maximum {c·x : x satisfies (6)} is achieved for an integer vector x. Therefore, box perfection implies fractional t-chrome perfection for all t.
Proposition 4.8 If G is box perfect, then G is fractionally t-chrome perfect for all positive integers t.
Proof. Let G be a box perfect graph. Take b(v) = 1 for all v ∈ V (G). Then the inequality system (6) reduces to the system (4), which is the inequality system that defines P G . Now the only integer vectors in P G are the incidence vectors of t-chrome sets. The TDI property implies that all extreme points of P G are integer vectors, and thus
The minimum size of a fractional t-chrome cover gives a lower bound on τ t (G, a), and hence, as explained in Section 1, on the span of a frequency assigment of (G, c, a) with the property that c(v) ≥ t for all v ∈ V (G). But we also can derive directly from τ * t (G, a) a lower bound on the cyclic span of any frequency assignment. Proof. Let (G, c, a) be a constrained, weighted graph, and suppose we have a frequency assignment of cyclic span s for this graph. We can extend this assignment into a frequency assignment of (G, c, ta) of span ts as follows: replace each frequency a by the frequencies a + ks, k = 0, . . . , t − 1. Then T = {T r : 0 ≤ r < s} where T r = {v : v is assigned a frequency ¿from the interval [rt, (r + 1)t)} is a t-chrome cover of (G, a) of size s. Let y ∈ Z T G + be the vector that represents T . Then 
Conclusions
We have introduced the concept of t-chrome covers, and described classes of graphs that are t-chrome perfect, that is, for which the minimal size of a tchrome cover is given by the clique number and the maximum weight. We also discussed the fractional relaxation of this covering problem, and gave the relation with the frequency assignment problem and with box perfection. While it is true that t-chrome perfection implies fractional t-chrome perfection, the question remains whether the converse is also true. Also, the proof of Theorem 1.2 suggests that in order to determine whether a perfect graph is 2-chrome perfect, it may be enough to check the property only for vectors with maximum weight at most 2 and clique number at most 4. The proof of Theorem 1.2 shows that this is true for graphs of stability number 3, but is it true in general? And is it always true that we can define a constricted set of weight vectors such that if the condition that τ t (G, a) = max{ 1 t ω(G, a), a max } holds for this set of weight vectors, then we may conclude that the graph is t-chrome perfect? 
H 9
Figure 4: A perfect graph of order 9 which is not 2-chrome perfect, with weights.
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